Let p be a prime greater than 3 and let a be a rational p-adic integer. In this paper we try to determine
3k
k a k (mod p), and real the connection between cubic congruences and the sum
k a k , where [x] is the greatest integer not exceeding x. Suppose that a 1 , a 2 , a 3 are rational p-adic integers, P = −2a 3 1 + 9a 1 a 2 − 27a 3 , Q = (a 2 1 − 3a 2 ) 3 and P Q(P 2 − Q)(P 2 − 3Q)(P 2 − 4Q) ≡ 0 (mod p). In this paper we show that the number of solutions of the congruence x 3 + a 1 x 2 + a 2 x + a 3 ≡ 0 (mod p) depends only on 27q ) k modulo p. As a consequence, we show that x 3 − qx − qM ≡ 0 (mod p) has three solutions if and only if p is a cubic residue of q.
Introduction
Congruences involving binomial coefficients are interesting, and they are concerned with Fermat quotients, Lucas sequences, Legendre polynomials, binary quadratic forms and cubic congruences. Let Z be the set of integers, and for a prime p let Z p denote the set of those rational numbers whose denominator is not divisible by p. Let p > 5 be a prime. In [12] Zhao, Pan and Sun proved that where [x] is the greatest integer not exceeding x. In [9] the author investigated congruences for
k a k modulo p. In this paper we reveal the connection between cubic congruences and the sum 
be the Legendre symbol. For a prime p > 3 and a 0 , a 1 , a 2 , a 3 ∈ Z p with a 0 ≡ 0 (mod p) let N p (a 0 x 3 + a 1 x 2 + a 2 x + a 3 ) denote the number of solutions of the cubic congruence a 0 x 3 + a 1 x 2 + a 2 x + a 3 ≡ 0 (mod p). It is well known (see for example [2, 4, 5] and [7, Lemma 2.3] ) that
where D is the discriminant of x 3 + a 1 x 2 + a 2 x + a 3 given by 3 + 18a 1 a 2 a 3 . In this paper we prove the following typical results: Let p > 3 be a prime and a 1 , a 2 , a 3 ∈ Z p . Suppose P = −2a 3 1 + 9a 1 a 2 − 27a 3 , Q = (a 2 1 − 3a 2 ) 3 and P Q(P 2 −Q)(P 2 −3Q)(P 2 −4Q) ≡ 0 (mod p). Then N p (x 3 +a 1 x 2 +a 2 x+a 3 ) = 3 if and only if
k ≡ 0 (mod p), and N p (x 3 + a 1 x 2 + a 2 x + a 3 ) = 1 if and only if
is a solution of the congruence x 3 + a 1 x 2 + a 2 x + a 3 ≡ 0 (mod p). Let p > 3 be a prime, n ∈ Z p and 3n + 2 ≡ 0 (mod p). Then
Let p be a prime of the form 3k + 1, m ∈ Z p and m ≡ 1,
Let q be a prime of the form 3k + 1 and so 4q = L 2 + 27M 2 with L, M ∈ Z and L ≡ 1 (mod 3). Let p be a prime with p = 2, 3, q and p ∤ L. In this paper we determine
As a consequence, we show that x 3 − qx − qM ≡ 0 (mod p) has three solutions if and only if p is a cubic residue of q.
. For a prime p > 3 let a+bω p 3
be the cubic Jacobi symbol defined in [6] . For c ∈ Z p with c 2 + 3 ≡ 0 (mod p) and r ∈ {0, 1, 2} following [6] we define c ∈ C r (p) if and only if c+1+2ω p 3 = ω r . In this paper we prove that c ∈ C r (p) depends only on
For a, b, c ∈ Z and a prime p, if there are integers x and y such that p = ax 2 +bxy +cy 2 , throughout this paper we briefly write that p = ax 2 + bxy + cy 2 .
Main results
For any numbers P and Q, let {U n (P, Q)} be the Lucas sequence given by
It is well known (see [11] ) that (2.1)
Let U n = U n (P, Q). Using (2.1) we see that (see [11] ) for any positive integer n,
From now on we use ( a p ) to denote the Legendre symbol. Lemma 2.1 ([9, Lemma 3.3] ). Let p > 3 be a prime and P, Q ∈ Z p with P Q ≡ 0 (mod p). Then
Lemma 2.2. Let p > 3 be a prime and P, Q ∈ Z p with P Q ≡ 0 (mod p). Then
] (mod p).
Now we assume that P 2 − 3Q ≡ 0 (mod p) and U 2[
] (mod p). We
] (mod p), which contradicts the assumption. Hence P 2 − 4Q ≡ 0 (mod p). Suppose p ≡ 1 (mod 3). By Lemma 2.1 we have
When (
As Q 3n = Q p−1 ≡ 1 (mod p) we have Q 4n ≡ Q n (mod p). Thus QU 2 n ≡ 0 (mod p) and so U n ≡ 0 (mod p). When (
As Q 4n ≡ Q n (mod p) we have
As Q 4n−1 ≡ Q n−1 (mod p) we must have
That is, 2P 2 (P 2 −3Q) ≡ 0 (mod p). This contradicts the assumption. Thus, (P 2 −Q)U n + 2P Q 2n ≡ 0 (mod p) and so U n ≡ 0 (mod p). Now we assume p ≡ 2 (mod 3). As
.
As Q 4n−3 ≡ Q n−1 (mod p) we have
This yields 2P 2 (P 2 − 3Q) ≡ 0 (mod p), which contradicts the assumption. Thus, (P 2 − Q)U n − 2P Q 2n−1 ≡ 0 (mod p) and so U n ≡ 0 (mod p). Summarizing all the above we prove the lemma. Lemma 2.3 ([9, (3.1)]. Let p > 3 be a prime and P, Q ∈ Z p with P Q ≡ 0 (mod p). Then
Lemma 2.4. Let p > 3 be a prime and P, Q ∈ Z p with P Q(P 2 − 3Q)(P 2 − 4Q) ≡ 0 (mod p). Then the following statements are equivalent:
The congruence x 3 − 3Qx − P Q ≡ 0 (mod p) has three solutions. Proof. By Lemmas 2.2 and 2.3,
Thus (i) is equivalent to (ii). By [8, (7.4)] or [6, Corollary 6.3], (i) is equivalent to (iii).
Theorem 2.1. Let p > 3 be a prime and a ∈ Z p with a ≡ 0, 
Proof. Taking P = 9a and Q = 3a in Lemma 2.4 we see that (i) and (ii) are equivalent. By (2.1),
we see that (ii) is equivalent to (iii). For x = 3ay we see that
Thus, x 3 − 3 · 3ax − 9a · 3a ≡ 0 (mod p) has three solutions if and only if ay 3 − y − 1 ≡ 0 (mod p) has three solutions. Hence applying Lemma 2.4 we see that (ii) is equivalent to (iv). It is clear that
Thus, 27 and (iii) is equivalent to (i) and (iv), using the above we see that (iii) is equivalent to (v) and that
27(
Thus (iv) and (vi) are equivalent. Now the proof is complete. Lemma 2.5. Let p > 3 be a prime and a ∈ Z p with a ≡ 0, 
we see that
, by (1.1) and the above we must have ( a(4−27a) p ) = −1. Now applying [9, Theorem 3.10] we see that the unique solution of (27a − 4)
is not a solution of the congruence (27a − 4)x 3 + 3x + 1 ≡ 0 (mod p). This contradicts the assumption. Hence N p ((27a − 4)x 3 + 3x + 1) = 1. This proves the lemma. Theorem 2.2. Let p > 3 be a prime and a 1 , a 2 , a 3 ∈ Z p . Suppose P = −2a
, and
is a solution of the congruence
Q y 3 + 3y + 1). Thus,
Hence, applying Theorem 2.1 we see that
From the above and Lemma 2.5 we see that
This completes the proof. Theorem 2.3. Let p > 3 be a prime, n ∈ Z p and 3n + 2 ≡ 0 (mod p). Then
Proof. Clearly the result is true for n ≡ 0, −1 (mod p). Now assume n(n + 1) ≡ 0 (mod p). If 3n − 1 ≡ 0 (mod p), by Lemma 2.3 we have
Thus the result is true for n ≡ 1 3 (mod p). From now on we assume 3n
has three solutions ⇐⇒ (n + 1)(nx) 3 − nx − n ≡ 0 (mod p) has three solutions ⇐⇒ (n + 1)x 3 − x − n ≡ 0 (mod p) has three solutions
Hence, if (
))/3 (9a, 3a) ≡ 0 (mod p) and so U 2[
]+1 (9a, 3a) ≡ 0 (mod p) by Lemma 2.2. Applying Lemma 2.3 we find that
Now we assume (
(1+n)(1−3n) p ) = −1. As 3n ≡ 0, −2 (mod p) we see that (
is the unique solution of the congruence (3n + 2) 2 (3n − 1)x 3 + 3x + 1 ≡ 0 (mod p). As (3n + 2) 2 (3n − 1)x 3 + 3x + 1
we see that x ≡ − 1 3n+2 (mod p) is the unique solution of the congruence (3n + 2) 2 (3n − 1)x 3 + 3x + 1 ≡ 0 (mod p). Hence
. This completes the proof.
Corollary 2.1. Let p > 3 be a prime. Then
Proof. Taking n = 1, −2, 2, −3 in Theorem 2.3 we deduce the result. Corollary 2.2. Let p > 3 be a prime. Then
Proof. Taking n = 3, −5, − 1+n . Now applying Theorem 2.3 we deduce the result.
Lemma 2.6 ([9, Theorem 3.3]). Let p > 3 be a prime and a, b ∈ Z p with ab ≡ 0 (mod p). Then
Proof. As 81 − 12(−3(m − 1)(m + 2)) = 3 2 (2m + 1) 2 and [ 3(2m + 1)
(mod p). ≡ 0 (mod p). Thus, from the above we deduce that
This completes the proof. ≡ 2m + 1 (mod p). This together with Theorem 2.4(ii) yields the result in the case p ≡ 2 (mod 3). The proof is now complete.
Corollary 2.5. Let p > 3 be a prime. Then
Proof. Taking m = −1 in Theorem 2.4 we deduce the result.
Corollary 2.6. Let p > 5 be a prime. Then
Proof. Taking m = 2 in Theorem 2.4 we deduce the result. Corollary 2.7. Let p > 5 be a prime with p = 13. Then
Proof. Taking m = 6 in Theorem 2.4 we deduce the result. Corollary 2.8. Let p > 3 be a prime, c ∈ Z p and c ≡ 0, 1, −1 (mod p). Then
Proof. Taking m = 1−2c 1+c in Theorem 2.4 we derive the result.
For two numbers P and Q let {V n (P, Q)} be defined by
It is well known that
From [11] we know that
Lemma 2.7 ([6, Corollary 6.1]). Let p > 3 be a prime, c ∈ Z p and c(c 2 + 3) ≡ 0 (mod p). Then
and
Theorem 2.5. Let p > 3 be a prime, c ∈ Z p and c(c 2 + 3) ≡ 0 (mod p). Then
Proof. Let a = c 2 + 3 and b = 2 3 . Then 81b 2 − 12a = −3 · 4c 2 . By Lemma 2.6,
If p ≡ 1 (mod 3), by (2.5) and Lemma 2.7 we have
If p ≡ 2 (mod 3), by (2.5) and Lemma 2.7 we have
This yields the result. Corollary 2.9. Let p > 3 be a prime, c ∈ Z p , c ≡ 0, ±1 (mod p) and c 2 + 3 ≡ 0 (mod p). Then
Corollary 2.10. Let p > 3 be a prime, m ∈ Z p and (2m+1)(m 2 +m+7) ≡ 0 (mod p). Then
Proof. Set c = . Now the result follows from Theorem 2.5.
Corollary 2.11. Let p > 3 be a prime. Then
Proof. As
, we see that 1 ∈ C 1 (p) if and only if p ≡ ±4 (mod 9). Hence taking m = 1 in Corollary 2.10 we obtain the result. Corollary 2.12. Let p > 3 be a prime. 
From [6, Corollary 2.1] we know that for i = 0, 1, 2,
L (mod q), from the above we deduce the result. Corollary 2.14. Let p > 7 be a prime. Then
Proof. As 4 · 7 = 1 2 + 27 · 1 2 , taking q = 7 and L = M = 1 in Theorem 2.6 we deduce the result.
Similarly, from Theorem 2.6 we deduce the following results. Corollary 2.15. Let p be a prime with p = 2, 3, 5, 13. Then
Corollary 2.16. Let p be a prime with p = 2, 3, 7, 19. Then
Corollary 2.17. Let p be a prime with p = 2, 3, 11, 37. Then
Theorem 2.7. Let q be a prime of the form 3k + 1 and so 4q = L 2 + 27M 2 with L, M ∈ Z and L ≡ 1 (mod 3). Let p be a prime with p = 2, 3, q and p ∤ L(L 2 − 9M 2 ). Then the congruence x 3 − qx − qM ≡ 0 (mod p) has three solutions if and only if p is a cubic residue of q.
Proof. When p | M , we have L 2 ≡ 4q (mod p) and so x 3 − qx − qM ≡ 0 (mod p) has three solutions. On the other hand, by [6, Corollary 2.1] and Euler's criterion, p is a cubic residue of q. Thus the result is true in this case. Now we assume p ∤ M . By Theorems 2.1 and 2.6, ⇐⇒ p is a cubic residues of q.
As examples, if p > 3 is a prime, then x 3 − 7x − 7 ≡ 0 (mod p) has three solutions ⇔ p = 7 or p ≡ ±1 (mod 7),
x 3 − 13x − 13 ≡ 0 (mod p) has three solutions ⇔ p = 13 or p ≡ ±1, ±5 (mod 13), ∈ C i (p). Thus, from Theorem 2.5 we deduce that
This together with (2.6) yields the result. Proof. When p | L, from [6, Proposition 2.1 and Corollary 2.1] we know that 0 ∈ C 0 (q) and so p is a cubic residue of q. Thus the result is true in this case. Now we assume that p ∤ L. By Theorems 2.1 and 2.8, ⇐⇒ p is a cubic residues of q.
